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This paper applies He’s parameter-expansion method to determine the limit cycle of oscillators in a
w3 /(1 + u?) potential. The results are compared with the exact solutions. This shows that the method
is a convenient and powerful mathematical tool for the search of limit cycles of nonlinear oscillators.

Key words: He’s Parameter-Expansion Method (PEM); Limit Cycle; Nonlinear Oscillators.

1. Introduction

Recently some new methods for nonlinear equa-
tions have caught broad attention, for example the
variational iteration method [1 — 5], the variational ap-
proach [6-9], the homotropy perturbation method
[10-21] and the parameter-expansion method [22—
26]. In the parameter-expansion method a constant,
rather than a nonlinear frequency is expanded in pow-
ers of the expanding parameter to avoid the occur-
rence of a secular term in the perturbation series
solution. It is proven that the parameter-expansion
methods are very effective to determine the limit cy-
cle of strongly nonlinear oscillators with high ac-
curacy. This paper applies the method to deter-
mine the limit cycle of oscillators in a u?/(1 4 u?)
potential.

2. He’s Parameter-Expansion Method [23]

We consider the following nonlinear oscillator

3
" u

——=0 0)=A
u+1+u2 , u(0) ,

Equation (1) can be rewritten in the form

u3
W +0-u+1- =0,

1+ u?
u(0)=A, u'(0)=0.

2)

According to parameter-expansion methods [22—-26],
we assume that the solution is expanded into a series

of p in the following form:
w=uo+puy+pluy+---, 3)

where p is a book-keeping parameter, p = 1.
The coefficients O and 1 can be, respectively, ex-
panded into a series in p in a similar way [11]:

0=0"+po + p* @y + -+, )

1= pei+pier+--. (5)

Substituting (3), (4) and (5) into (2) and processing
with the standard perturbation method, we have

POiul+@%up =0, wup(0)=A4, uy(0)=0, (6)
M3
p! :u'{—i—ﬁzul—i-w]uo—i-clrou(z) =0. (7)
Solving (6), we have
ug = Acos@t. 3
Substituting (8) into (7) results in
A3 cos® ot

W + @%uy + @ Acos Bt + ¢ 0. (9)

1+A2cos2@mt
A3 cos® ot
We expa.lnd the term {5~ AT cos BT
resentation as follows:

into a Fourier series rep-

A3cos® ot

1+ A2cos? ot ngbagnﬂcos( nt1)

(10)
=ajcos®t +azcos3®t+---,
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Fig. 1. Comparison of the approximate solution with the exact solution; dashed line, approximated solution; solid line, exact
solution.

with and the interval of 7 in (10) is [ZF Z]. Therefore, the
4 72 A3cosd ot first several terms are
=— ———>—0 ordt 3 3
@ n/o 1+ AZco2mr 0 A 0205 ?t — [ %( 2 __1>]
1+ A< cos” ot A 1+A2
—A+3<L_1>, . (11
A\V1+A2 -cos ot + Za2n+1cos(2n—|—1)a)t.

n=1
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Substituting (11) into (9) and ¢; = 1 (for p = 1) yields

u’{ + 032141 + @A cos Ot

2 2
+c A+—| ———1 || cost
1{[ A (\/1+A2 )}

(12)
+ Z ayu+1cos(2n+ 1)wt} =0.
n=1
The requirement of no secular term gives
(DA—}—A—FZ( : 1)—0 (13)
: A\VITA2 ’
then
2 2
@ (14)

= ———-1
A2 A2/1+A2

If the first-order approximation is enough, then, setting

p = 11in (4) and (5), we have

@’ + @ =0, (15)

e =1. (16)
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Solving (13)—(16), the frequency can be obtained in
the form

2 2
B=—\——=+1—-—=.
\/A2x/1+A2 A?

Hence, we can obtain the following zero-order approx-
imate solution:

2 2
u=Acos | -y ——+1-=1|, (17
( \/A2\/1+A2 A2> (47

which agrees very well with the exact solution, as
shown in Figure 1.

3. Conclusion
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potential. The results obtained comparing with the ex-
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powerful mathematical tool for the search of limit cy-
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to any nonlinear problem.
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